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Equivalent Plate Structural Modeling for Wing Shape
Optimization Including Transverse Shear

Eli Livne*
University of Washington, Seattle, Washington 98195

A new technique for structural modeling of airplane wings is presented taking transverse shear effects into
account. The kinematic assumptions of first-order shear deformation plate theory in combination with numerical
analysis, where simple polynomials are used to define geometry, construction, and displacement approximations,
lead to analytical expressions for elements of the stiffness and mass matrices and load vector. Contributions from
the cover skins, spar and rib caps, and spar and rib webs are included as well as concentrated springs and con-
centrated masses. Limitations of wing modeling techniques based on classical plate theory are discussed, and the
improved accuracy of the new equivalent plate technique is demonstrated through comparison with finite ele-
ment analysis and test results. Expressions for analytical derivatives of stiffness, mass, and load terms with
respect to wing shape are given. Based on these, it is possible to obtain analytic sensitivities of displacements,
stresses, and natural frequencies with respect to planform shape and depth distribution. This makes the new
capability an effective structural tool for wing shape optimization.
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Nomenclature
= spar cap cross-sectional area
= coefficients of spar cap area series
= coefficients of aft line of a trapezoid
= vectors containing polynomial terms

used as Ritz functions (nq X 1), i = 1, 5
=coefficients of a straight line in x9 y
=cos A
=Young's modulus for spar caps
=coefficients of forward line of a

trapezoid
=coefficients in the polynomial series for

hL, hu(x, y)
=z coordinates of lower and upper wing

surfaces
=family of spar line integrals of

polynomial terms
=family of area integrals of xmyn

=index for layers on a skin trapezoid
=stiffness matrix
=kinetic energy
=length of a spar
=mass matrix
=powers of x and y in polynomial terms
=number of terms in the polynomial

series for one deformation field {<?/}
= pressure load in the z direction
= vector of all generalized displacements

(5/i, X 1)
= generalized displacements for the five

deformation fields, Eqs. (9), (nq X 1),
• i = l ,5

= material constitutive matrix (3 X3) for
the i/th skin layer

= material constitutive matrix for they/th
layer of spar web

= equivalent material matrix for spar cap
= matrices containing polynomial terms

in x and y, Eqs. (12) and (14), (3 X 5nq)
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- matrices containing polynomial terms
in x and y, Eqs. (19) and (20), (3 X 5nq)

= spar line coefficients
= sin A
= geometric transformation matrix for

web in-plane strains
= thickness distribution of/7th layer in the

spar web
= thickness distribution of the z7th layer of

the skin
= strain energy
=.*, y, and z components of displacement
=x9 y, and z components of displacement

atz = 0
= matrices containing polynomial terms,

Eqs. (45) and (46), (5 X 5nq)
= matrix expressing strains {£ } in terms

of the generalized displacements
(5 X 5nq)

=x coordinates of points on the leading
edge and trailing edge of an area
trapezoid

= coordinates of vertices of an area
trapezoid

=coordinates of spar endpoints
= z coordinate along spar cap line
= engineering strains
= in-plane web strains
= vector of strain components 5 X 1
= coordinate along a spar line
= sweep angle of a spar line
= material density
= stresses
= rotations along x and y directions

Introduction

MATHEMATICAL models of wings based on equivalent
plate representation combined with global Ritz analysis

techniques have been used for basic studies in aeroelasticity and
aeroelastic optimization for a long time.1'2 A structural model
based on classical plate theory (CPT) was used in the development
of the optimization-driven aeroelastic-tailoring computer capabil-
ity known as TSO.3'4 This capability has been extensively tested
and widely used for the analysis and preliminary design of wings.
Given the simplified nature and limitations of the TSO structural
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model compared with the detail and generality of finite element
analysis, evaluation of overall accuracy of this equivalent plate
structural model for real airplanes such as the YF16 and F15
revealed quite good results.3'5

In aeroelastic optimization, some features of equivalent plate
wing models are desirable. First, wing geometric definition and
structural layout depend on a small number of sizing and shape
design variables. As a result, initial model generation and setup is
fast compared with the effort needed to generate detailed finite ele-
ment models. For optimization, this small number of design vari-
ables leads naturally to a reduced size design model. Also, assem-
bly of stiffness and mass matrices and solution times for static and
dynamic analysis are significantly shorter than those associated
with detailed finite element models because of the smaller size of
the equivalent plate models. In addition, the global Ritz solution
technique, using series of generalized displacement functions that
are continuous over the whole planform or over major segments of
the wing, makes it possible to obtain structural information at the
aerodynamic grid points used in the aerodynamic force computa-
tion. Thus, a classical problem of aeroelasticity, the interpolation
between the structural and aerodynamic grids, is eliminated.

An important addition to the capabilities of equivalent plate
wing structural modeling, the equivalent laminated plate solution
(FLAPS) computer code, was introduced by Giles.6'7 He showed
that, using present day computers, a single high-order power series
can be used for approximating displacements over wing planforms
made of several trapezoidal segments to obtain accurate stress as
well as displacement information. The simplicity of manipulating
simple power series leads to analytic rather than numerical integra-
tion for the mass and stiffness expressions. With the careful orga-
nization of computer storage space and order of calculations,
major savings in computation times and core storage requirements
are achieved. Giles reports CPU times for the polynomial-based
equivalent plate technique that are in some cases shorter by an
order of magnitude in comparison with corresponding detailed
finite element analysis.

FLAPS was used for multidisciplinary structural/aerodynamic
optimization of modern wing configurations. A similar structural
wing model, in the lifting surface control augmented structural
synthesis (LS-CLASS) code,8'9 adapted for aeroservoelastic appli-
cations, made it possible to carry out structural/aerodynamic/con-
trol optimization of fiber composite actively controlled wings in an
integrated manner.

Equivalent plate wing models bridge the gap between models
based on beam theory and detailed finite element models.
Although equivalent beam models are still popular for the study of
aeroelastic problems and in design, they are limited in their capac-
ity to realistically represent wing structures. In the case of fiber
composite wing design, they can even lead to inaccurate results if
the effect of the root boundary condition is not taken into account
properly.10'11 Finite element models, such as the ones included in
various aeroelastic optimization codes, although general and accu-
rate, can be large and computationally expensive, making them
less attractive for preliminary design. If simplified coarse finite
element models are used in an effort to speed up computation, then
the results might be sensitive to the number and type of elements
used as well as the coarseness of the mesh.12 Methods for combin-
ing equivalent plate and finite element structural models have been
suggested recently.13'14 Thus, equivalent plate wing models are
important in the context of multidisciplinary wing optimization
and wing shape optimization either as independent tools or in com-
bination with finite elements.

However, a recent application to a high-speed civil transport
(HSCT) wing15 exposed some serious limitations of currently used
equivalent plate wing models. The plate models used in TSO,
FLAPS, and LS-CLASS are all based on the kinematic assump-
tions of CPT. The extensive studies of Ref. 15 (in which results
obtained by the LS-CLASS equivalent plate analysis, Refs. 8 and
9, and the ELFINI finite element structural optimization code, Ref.
16, were compared) revealed that the CPT-based equivalent plate
approach led to consistently stiffer models, not being able to cap-
ture the coupling between spanwise bending, chordwise bending,

and torsion correctly. Chordwise bending due to wing interaction
with a flexible fuselage, and some higher modes involving tor-
sional deformations and chordwise deformation, were not pre-
dicted properly by the CPT plate model. A careful reexamination
of the YF16 test case in Ref. 3 reveals a similar problem with
higher mode shapes whose natural frequencies are overpredicted
by TSO.

The discrepancies between finite element and CPT-based equiv-
alent plate models appear also in the case of thick high-aspect-ratio
wings. One of the test cases in the evaluation of LS-CLASS in Ref.
8 was a high-aspect-ratio thick swept-back wing described in Ref.
17. Static elastic deformations obtained by LS-CLASS with ideal
cantilevered boundary conditions were up to about 17% stiff er
compared with corresponding finite element results. Natural fre-
quencies, except for first bending, were overpredicted by the
equivalent plate model by 35% or more. Again, the largest errors
were associated with torsional behavior.

Although using fine-tuned root springs3'8'18 to impose the
boundary conditions improved the plate results for the static case,
this had only a limited effect on the natural frequencies.

The YF16 and F15 wings contain several heavy ribs for the
transfer of local loads from pylons at external store stations into
the wing. Both the HSCT wing and the swept-back wing had only
a small number of ribs. In the case of the HSCT wing the webs of
these ribs were thin compared with the skin covers. Thus, trans-
verse shear effects due to the internal structure of the wing seem to
be important, whereas it is impossible for equivalent plate models
based on CPT to capture these effects.

Motivated by the need for reliable and computationally efficient
structural modeling for multidisciplinary optimization (including
shape optimization) of wings, a new equivalent plate wing model-
ing capability has been developed and is described in this paper.
Key analytical derivations and aspects of numerical implementa-
tion are discussed. Behavior sensitivities with respect to wing
shape are obtained analytically. The new capability is compared
with a CPT-based equivalent plate and to finite element analysis
techniques, and its accuracy and reliability are demonstrated.

Wing Geometry and Construction
Depth

A typical wing planform made of three trapezoids is shown in
Fig. 1. Depth distribution is defined by specifying the height of
each skin cover or spar and rib cap above a reference plane at z =
0. A typical height distribution for the //th layer on the composite
skin of a wing section is given by a simple polynomial series

z»(X,y) = mk nk -, / \x - y = h (x, y) (1)

The coefficients //£ can serve as shape design variables. The pow-
ers in the series (mk and nk) can be chosen to specify a complete
polynomial in x and y or the polynomial obtained by the multipli-
cation of a polynomial in x by a polynomial in y. Different height
distributions can be used over the same wing trapezoid to position
different composite layers or different spar and rib caps at different

spars

ski
trapezoids

Fig. 1 Skin trapezoids, spar lines, and rib lines on the wing planform.



1280 LIVNE: MODELING FOR WING SHAPE OPTIMIZATION

distances from z = 0. Alternatively, just two series can be used for
all skin layers and spar and rib caps on one or more trapezoids,
lumping them into the upper surface hv(x, y) and the lower surface
hL(x, y). This is justified when skin thickness is small compared
with wing depth. No symmetry with respect to z = 0 is assumed.
Cutouts, such as due to a wheel bay, can be treated by taking only
the upper skin into account.

Construction—Skins, Spars, and Ribs
Upper and lower composite skins can be defined for each plan-

form trapezoid. They are made of layers, each representing plies
with a particular fiber direction. The thickness of the i/th layer
(i/th fiber direction) on a given trapezoid is specified by a simple
polynomial series of the form

, 30 = (2)

The coefficients T] can serve as sizing type design variables and
the powers (mj and nf) are preassigned. Each spar cap has an area
distribution that is linear in y:

A ( y ) = (3)

The area A is normal to the spar axis, but rather than expressing it
as a function of T\, a coordinate along the spar axis, it is expressed
in terms of the spanwise coordinate v. This makes it possible to
obtain analytical expressions for stifftiess and mass contributions
of a spar as shown later. Rib cap area is a linear function of x and is
defined in the same manner.

Spar webs connect spar caps on the upper and lower wing sur-
faces that follow the same spar line on the jc, y planform. The webs
are vertical with respect to the jc, y plane (Fig. 2). They are mod-
eled (like the skins) as made of composite layers extending from
the lower cap line to the upper cap line and along the spar axis.
Thickness of the jlth layer (corresponding to the jlth fiber direc-
tion on the web) is given as a function of y

tjl(y,z) = (4)

and denotes thickness normal to the plane of the web. Thickness of
rib web layers is defined similarly and is linear in the x coordinate.

Construction—Springs and Concentrated Masses
Concentrated linear springs and concentrated masses can be

placed at points on the wing structure. Values of the spring coeffi-
cients and the concentrated masses can serve as sizing type design
variables, whereas the coordinates of their point of attachment can
serve as shape design variables. Springs can also be used to repre-
sent local stiffness of an attachment between wing segments, such
as an aileron and a wing box. They are also useful for boundary
conditions in complex configurations. If very stiff springs are cho-
sen, they are used in penalty terms to impose a zero displacement
or zero rotation boundary condition. If fine tuned, they can correct
for differences between test and experiment by representing actual
test support flexibility.3'8'14'18

upper cap line

Y

lower cap line

Fig. 2 Spar web and its associated axes.

Planform Geometry
The wing is made of area trapezoids defined by the x and y coor-

dinates of their vertices (Fig. 3). Spar cap lines are defined by x, y
coordinates of their endpoints. Ribs are always parallel to the x
axis, and their cap lines are defined geometrically by the y coordi-
nate of the rib and the forward and aft x coordinates. The x and y
coordinates defining trapezoids, spars, and ribs, as shown in Fig. 3,
can serve as planform shape design variables.

Material Properties
Constitutive material matrices for different fiber directions of

skin layers are rotated into the x, y system of axes (off axis) so that
in the i/th skin layer

(5)

For the spar webs (since it is assumed that ezz = 0, as described in
the following), we can write for they/th layer

(6)

where

(7)[QJt] =

Stiffness of the spar cap is based on its Young's modulus E. Ribs
are treated in a similar manner, except that they run in the x direc-
tion, and thus their webs are in planes parallel to the xz plane. Den-
sity for materials in each skin, spar, and web is also given (p).

First-Order Shear Deformation Equivalent
Plate Formulation

In an effort to capture transverse shear effects in spar and rib
webs, the kinematic assumptions of first-order shear deformation
plate theory (FSDPT) are used.19 The displacements u, v, w (x, y, z)
throughout the wing are approximated by

u(x, y, z, 0 = u0 (x, v, r) + zyx (x, v, 0

v(x, y, z, t) = v0 (x, y, 0 + z\|/y (x, v, t)

w(x, v, z, r) = w0 (x, v, 0

(8)

A Ritz approximation method is used in a displacement formula-
tion and the five jc, y dependent deformation fields are approxi-
mated by

U 0 ( x , y 9 t ) = {al(x9y)f{ql(t)}

= {a2(x,y)} {q2(t)}

= {a3(x,y)f{q3(t)}

= {a4(x,y)} {q4(t)}

(9)

where

{ar(x,y)}T = {...,*""'/",...} (10)



LIVNE: MODELING FOR WING SHAPE OPTIMIZATION 1281

(xFL

(xF.yRIB)

,yL)
\ (xFR.yR)

^

(sxL.syL)

^O''

(xAR.yR)
(xA.yRIB)

(sxR.syR)

| r ib 11 skin trapezoid 1 1 spar |

Fig. 3 Planform shape design variables.

That is, simple polynomials are used as shape functions as in Refs.
6-9. The vectors of polynomial terms [a^ can be of different
dimensions (and use different series for each of the deformation
fields). Thus, the number of terms in each series and the particular
powers used (mi and ni) can vary. However, it is convenient to use
the same series in all at vectors. If the number of Ritz functions in
a series for each 0f(jt, y) is nq, then the total number of degrees of
freedom in the problem is 5nq.

The fact that deformation field Ritz functions and all depth,
layer thickness, and cap area distribution functions are simple
polynomials leads to some desirable properties of the formulation
as is described in the following sections. However, it also leads to
ill conditioning of the stiffness and mass matrices when high-order
polynomials are used.

Extensive experimentation6'8'15 with the use of simple polyno-
mials for CPT-based equivalent plates showed that useful results
are obtained before the static solution or eigenvalue solution
becomes ill conditioned. In examining the new equivalent plate
technique it is important, then, to examine typical convergence
properties of the solution in light of this problem.

Mass and Stiffness Matrix Evaluation
All general features of the new formulation can be studied by

focusing on mass and stiffness terms arising from skin and spar
contributions. Other contributions (from ribs, springs, and concen-
trated masses) are much simpler to obtain using similar techniques,
and thus they are not described here in detail.

Cover Skin Stiffness
We start with the cover skins, assuming that surface curvatures

are small and that skin trapezoids are at small angles to the x, y
plane. Skins are modeled as thin plane stress panels, in which the
engineering strains are

x
xx dx dx dx

z

Using the Ritz approximations for the five deformation fields [Eqs.
(9)] and substituting in Eqs. (11) leads to

= { [ R 0 ( x , y ) ] + z [ R l ( x , y ) ] } { q } (12)

and RQ and Rl are 3 X 5nq matrices partitioned into 1 X nq sub-
vectors as follows:

a\x 0 0 0 0

0 a\y 0 0 0

a* , al v 0 0 0

0 0 a3x 0 0

0 0 0 a\y 0

0 0 a\y a\x 0

(14)

where

(15)

Each element in /?0 and /?! is the result of differentiation with
respect to x or y of a term in the polynomial series for the deforma-
tion fields [Eqs. (9) and (10)]. If an original element of any at(x, y)
is Jt^yV then resulting elements in RQ and RI will be of the forms
mx(m-l}yn or /ix"1/""1} • The general form of elements in R0 and /?!
is, then, Cxlyj. R0 and /?! are each stored as three matrices: a real 3
X 5nq matrix containing the coefficients C, an integer matrix con-
taining the powers of x in each term, and another integer matrix
containing the powers of y.

The contribution to the strain energy of an area element dx d;y of
the i/th layer (fiber direction) is

dU = [fi]' f (x,y)dxdy (16)

Substituting Eq. (12) into Eq. (16), summing up the contributions
from all layers //, and integrating over the planform of an area trap-
ezoid result in

+ zil(RT
0[Qil]Rl) (17)

Recall that zll(x, y) and tll(x9 y) are simple polynomial functions of
x and v [Eqs. (1) and (2)]. Each of their elements is also of the form
C^y (as are the elements of ̂ 0

 and ^i) and can also be stored as
three vectors: a real vector containing the coefficients and two
integer vectors containing the power of x and the power of y of
each polynomial term. All elements of the resulting matrix inte-
grand in Eq. (17) are obtained by the multiplication and addition of
such polynomial terms, which amounts to matrix multiplications
of the coefficients and simple addition of the x powers and the y
powers. Each element of the resulting contribution to the stiffness
matrix {Eq. (17)} is then a linear combination of area integrals of
the form

n f '* n r^x y dx dy = I y • I
v J V, J x-(y)

T j T T T

xmdxdy (18)

Cover Skin Mass
Substituting Eqs. (9) into Eqs. (8) makes it possible to express

the u, v, w components of the deformation in terms of the general-
ized coordinates {q}
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(19)

where SQ and Si are 3 X 5nq matrices containing polynomial terms
of the form xmyn. Partitioned into subvectors, they are of the form

a\ 0 0 0 0

[50 (x, y) ] = 0 4 0 0 0

0 0 0 0 aT
5

(20)

0 0 aT
3 0 0

0 0 0 aT
4 0

0 0 0 0 0

The contribution to the kinetic energy of an infinitesimal skin ele-
ment dx dy of the //th layer is

dxdy (21)

Summing up the contributions from all layers and integrating over
the trapezoidal area of a skin segment lead to

and the contribution of the cap to the strain energy is

Ls

(26)

where t| is a coordinate along the spar cap line and A is normal to
this line. A change of variables from r| to y, using

dri = cos A (27)

leads to

(28)

Substituting Eqs. (12) and (25) into Eq. (28), and defining the vec-
tor

TSp= {s A, c A,^AcA}

lead to the cap's contribution to the stiffness matrix

(29)

r
(22)

The result for each mass matrix element is also a linear combina-
tion of area integrals of polynomial terms, the same family of area
integrals used in the computation of the stiffness terms [Eq. (18)].

Note that global coordinates (jc, y) are used throughout the deri-
vation. The wing area trapezoids are not mapped onto unit squares
as in Ref. 6. This makes it possible to obtain analytical formulas
for stiffness and mass contributions of spars as shown next.

Spar Cap Stiffness
Spar cap lines are defined by the coordinates of their endpoints

(VL» y& XL> XR) and are generally swept by an angle A as shown in
Fig. 3. Along the spar line, x is a function ofy as follows:

x ( y ) =

where
P _

jjl —
X-X

(23)

(24)

Normal strain in the cap in terms of strains in global coordinates is
given by

(25)

(30)

The height of the cap above the reference plane z = 0 is given by
the height polynomial in x and y Eq. (1) with x replaced by Eq.
(23)

(31)

(32)

and the matrix [gsP] (3 X 3) is given by

(V3

As in the case of skin panels, each term of the spar cap stiffness
matrix is now made of linear combinations of line integrals of
some powers of x and y along the spar line. When x in these inte-
grals is expressed in terms of y [Eq. (23)] and when the integration
is carried out with respect to the y coordinate from yL to yR, then
these line integrals all have the form

/Sp(m, n) = I
•^v

[xm (y) ] /dy (33)

leading to

7SP (m, F*
= (

J

p PI^y + SP
2) n,y dy (34)
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Spar Cap Contribution to Mass Matrix
The kinetic energy of a spar cap integrated along the line of the

spar is

2 cos A1
A (v) v dy (35)

where T| has been replaced by y in the integrand. Substituting Eqs.
(19) into Eq. (35) leads to

Expressing the transverse strains in terms of the unknown defor-
mation fields

(44)

and using Eqs. (9) make it possible to express {§} in terms of the
generalized coordinates as follows:

(zsp) (Sft) ] (As? (36)

When all x powers in the matrices S0, S{ are replaced by powers of
the spar line equation [Eq. (23)], then it turns out that elements of
the spar cap mass matrix are also linear combinations of members
of the line integral family in Eq. (34), as are the stiffness terms.

Spar Web Contribution to Stiffness
As shown in Fig. 2, the spar web is normal to the jc, y plane and

connects two caps running along the same spar line [Eq. (23)] with
height above the z = 0 plane defined by

TL mih nih

for the lower cap, and

mjhnjh

(37)

(38)

for the upper cap (mjh and njh are powers associated with they/zth
term, etc.).

The web layers are in plane stress. The normal strain in the
direction of the spar line and transverse shear strain are obtained
from the strains in global coordinates by

= {/A, c2A, s Ac A} \ ev

and

YV = Y»
1y*

(39)

(40)

We define a 2 X 5 transformation matrix for the web as follows:

s A c A sAcA 0 0
0 0 0 sA cA

and then

where

(41)

(42)

(43)

The ezz strain is zero, since the vertical displacement w(x, y) does
not depend oh z.

(45)

where the matrices W0 (x, y) and Wi (jc, y)(5 X 5nq) are partitioned
into subvectors and given by

0

{y

0

0 0 0

4,y ° °

4,* ° °

0 a\ 0

0 0 a!
(46)

0

0

0
0
p

0

0

0
0
0

T

0
T

a^y
0
0

0
T

a*,y
T

a4,X

0
0

0

0

0
0
0_

and we define the matrix (5 X 5nq)

[W(x, v, z) ] = { [WQ(x, y ) ] + z [ x, y) ] (47)

Now, the contribution to strain energy of an area element dr| dz of
they/th layer on the web is given by

(48)

We define

= ( T 2 5 ] T [ Q J ' ] [ T 2 5 ] (49)

and substitute for the layer thickness in terms of y and use

cos A

This leads to the contribution to the stiffness matrix

11. +TJ
2:)([W(x,y,z)f)

(50)

The double integral is integrated analytically first with respect to z,
where
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Equations (37) and (38) are then substituted into

f
Jh

(51)

and all x powers are replaced by powers of

x ( y ) = Srf + S*

Each element of the stiffness matrix in Eq. (50) turns out to be a
linear combination of the same line integrals of y as those used for
the spar cap stiffness and mass [Eq. (34)].

Spar Web Mass Contribution
The contribution of an area element of the y'/th layer of the web

to the kinetic energy is

- Ay Av f —nr- cos A (52)

Each of these line integrals is obtained analytically by a recursion
formula of the form20

IF(r,s) =

sF,

yR
r + s+l

(58)

Note that the same recursion formula applies to the spar line inte-
grals [Eq. (34)], and thus analytical expressions for mass and stiff-
ness matrix elements have been obtained.

Analytical Planform Shape Sensitivities
It was shown in previous sections that all area and line integrals

depend in one way or another on a line integral of the form [Eq.
(34), (55), and (56)]

= \ y (59)

As in the preceding derivations, the substitution of Eqs. (4) and
(19), and the integration over the web area over z between hL(x,y)
and hv(x,y) and along y from yL to yR lead to a mass matrix whose
elements are, again, linear combinations of the same family of line
integrals as the one used for web stiffness and cap stiffness and
mass [Eq. (34)].

Thus, all elements of the stiffness and mass matrices due to
skins and spars are linear combinations of members of certain fam-
ilies of area and line integrals [Eqs. (18) and (34)]. A similar result
is obtained for ribs. This feature of the formulation is important
because these area and line integrals can be calculated analytically,
and there is no need for numerical integration, as described in the
next section.

Area and Line Integrals
The integration in Eq. (18) is carried out analytically first with

respect to x between x values on the front line of a trapezoid

and the aft line

x F ( y ) =

xA(y) =

(53)

(54)

where F1? F2, Ah and A2 are determined from coordinates of trape-
zoidal vertices for the front and aft lines in a manner similar to the
coefficients of the spar line in Eqs. (23) and (24). We now define
the following two families of line integrals

cy*IF(r,s) = I /( (55)

(56)

so that the area integral [Eq. (18)] over the trapezoid is given in
terms of these line integrals by

ITR (m, n) = [IA (n, m + 1) -IF (n, m + 1) ] (57)

The coefficients Bl and B2 define a straight line in the x, y plane,

x(y) = B,y + B2

where BI and B2 depend on coordinates of the endpoints of the
line, which can serve as planform shape design variables pt [Bt
= Bfaj), Eqs. (23) and (24)]. For example, the y coordinate of the
left edge yL can be such a shape design variable. The derivative of
the integral IB with respect to yL is obtained according to Leibnitz's
rule for the differentiation of definite integrals

(60)

or, using Eq. (59),

3/B (r, s)
dy t" " s—

(61)

In these last equations it is assumed that 5^0. Cases in which s =
0, BI = 0, or B2 = 0 are easier to integrate and the details are not
included here.

Examination of Eq. (61) reveals that the shape derivatives of a
member of the family of line integrals [Eq. (59)] is a linear combi-
nation of other members of the same family plus a term containing
powers of yL, (B\yL + B2), or yR, (B^R + B2). The same powers are
used in the evaluation of the integrals themselves [Eq. (58)] and
thus do not have to be evaluated twice.

Shape derivatives of stiffness and mass matrices (d[K]/dp,
3[M]/3p, where p is a shape design variable) can then be
obtained analytically, leading to analytical derivatives of displace-
ments, stresses, and natural frequencies with respect to shape.
Detailed discussion of analytical shape sensitivities in the context
of CPT wing equivalent plate modeling can be found in Ref. 22.
The extension to FSDPT wing modeling, once 9[^T]/9p and
9[M]/3/? are available, is straightforward and will not be dis-
cussed here. Thus, finite difference derivatives are not needed with
the present formulation. In a formulation that tends to be numeri-
cally ill conditioned when high-order polynomials are used, finite
difference derivatives can lead to large errors if the step size is not
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chosen carefully.21 Using analytical derivatives will save time and
be as accurate as the solution itself.22

Loads
Two types of static loads are taken into account in the new capa-

bility; distributed pressure loads in the z direction, and concen-
trated forces.

A pressure load is given in simple polynomial form

p(X,y) = (62)

where the coefficients PI and the powers ml and nl are predeter-
mined. The generalized loads in this case are obtained by integrat-
ing the product of pressure and vertical displacement over the
planform area. The vertical displacement [Eq. (9)] is also a simple
polynomial

my*

y (inch)-spanwise
^ 0 4 8 12 1 6 2 0 2 4 2 8 3 2

H—————• I • • • |———————| . . . | . . . | . . . |—————r-

32

(63) Fig. 4 Planform of the swept-back wing.

The area integration of the product of Eqs. (62) and (63) leads to
generalized force terms that, like the skin stiffness and mass con-
tributions, are linear combinations of the area integrals ITR [Eqs.
(18)]. This family of integrals is calculated once for the skin trape-
zoids and then used for stiffness, mass, and load element evalua-
tion as well as all their derivatives with respect to sizing and shape
design variables.

Concentrated forces Fk acting in the z direction at points (xh yk)
add to the generalized loads associated with the generalized dis-
placement {#5}, terms of the form Fk(xk)mi(yk)ni. Concentrated
forces in the x and y directions are treated in a similar manner and
affect the generalized loads associated with {<7i}-{#4}- All con-
centrated force contributions to the static load vector, then, are lin-
ear combinations of polynomial terms evaluated at the points of
action of these forces. Derivatives with respect to planform shape,
if these point of application move due to changes in the planform,
are easy to obtain by simple differentiation with respect to xk and

Fig. 5 Finite element model of the swept-back wing.

Test Case
Application of the new FSDPT equivalent plate technique to a

supersonic transport wing is described in Ref. 15. Here the wing of
Ref. 17 is used to evaluate the accuracy of the new equivalent plate
method. This is an all-aluminum relatively thick wing (21% tic) of
moderate aspect ratio. It is swept back by 30 deg and has an array
of spars and ribs as shown in Fig. 4. The wing is cantilevered.
Detailed description of the wing as well as experimental measure-
ments of displacements and stresses under load are given in Ref.
17. Finite element modeling accuracy for the static analysis of this
wing was studied and reported in Ref. 17, during the early days of
the finite element method.

As already described in the Introduction, this wing was used in
Ref. 8 as one of the test cases for the evaluation of an equivalent
plate wing modeling capability based on CPT. The CPT model
was found to be up to 17% too stiff. This was thought to be due to
finite flexibility in the test jig used to cantilever the wing and was
compensated for by using root springs.18 Yet, natural frequencies
(except for the first bending) were too high and errors were espe-
cially large in torsional modes.

Results based on CPT for the test wing are compared here with
results from the new FSDPT wing modeling capability, a modern
finite element (FE) code (ELFINI16), and experiment. The ELFINI
finite element model is shown in Fig. 5. It is made of quadrilateral
membrane elements for the skin and rod/shear-web elements for
the spars and ribs. A 1-lb vertical force applied to the tip of the
trailing edge is the static load case considered.

No root springs are used, and in the CPT and FSDPT models,
boundary conditions were imposed by proper selection of the Ritz
polynomials used to insure zero vertical displacement and zero

0.2 0.4 0.6 0.8
y/(semi-span)

Fig. 6 Calculated and measured static deflections.

spanwise rotation at the root.6'8 The FSDPT and finite element
models in this case assume that webs act only in shear.

Results
Figure 6 shows calculated and measured deflections along the

leading edge and trailing edge of the wing. There is an excellent
correlation between the new FSDPT equivalent plate model and
the finite element results. Good correlation with experiment is
obtained for displacements on the outer half of the semispan. The
CPT equivalent plate results are considerably stiffer in both bend-
ing and torsion. Table 1 lists the natural frequencies of the wing
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Table 1 Natural frequencies of the
cantilevered swept-back wing, Hz

No.
1
2
3
4
5

FE
115.6
317.6
418.4
576.4
1086

FSDPT
114.7
312.4
428.9
575.3
1125

CPT
126.5

606.5
797.2
1831

Shape
1 Bending
Fore/aft
1 Tosion
2 Bending
2 Torsion
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Fig. 7 First torsion mode shape (FEM and FSDPT).
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Normalized distance along root chord

Fig. 8 Skin stress o^ along the root chord.

based on theoretical structural mass. Whereas the new FSDPT
method captures all frequencies and mode shapes in the range
shown, including the fore-aft modes, the CPT method leads to
large errors in higher natural frequencies, especially those associ-
ated with torsional behavior. A comparison of mode shape for the
first torsion mode between the finite element and FSDPT results is
shown in Fig. 7. The correlation is excellent.

In addition to accurate deformations and mode shapes, reliable
stress predictions are important in approximate structural analysis
methods, if these methods are to be useful for multidisciplinary
optimization. Figure 8 shows normal skin stresses in the directions
of the spars T| at points along the root chord. The rise in stresses
toward the rear point of the root chord (typical in swept-back
wings) is captured by all analysis methods. The discrepancy in the
finite element results is probably due to a mesh that is too coarse at
the stress concentration area at the root. Both plate models, based
on polynomial approximation, capture the stresses in the stress
concentration area quite well (with polynomials of the order 7 for
CPT and order 5 for FSDPT). Stresses toward the leading edge of
the root chord are predicted reasonably well by the finite element
and FSDPT models, whereas the CPT model leads to large dis-
crepancies in the front end of the root chord. Normal skin stresses

~1——————————I—————
0 0.2 0.4 0.6 0.8

y(inch)/24.777

Fig. 9 Skin stress a7in along the middle spar line.
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Fig. 10 Skin shear stresses i^n the along a line between the fourth and
rear spars (from root to inner rib).

in the spar direction T| along the middle spar line are shown in Fig.
9. Except for differences at the root region (already shown in Fig.
8), results from the finite element, CPT, and FSDPT plate models
correlate well.

A harder task, in the case of the swept-back wing, is the evalua-
tion of skin shear stresses and normal stresses perpendicular to the
spar lines. These stresses are small compared with the normal
stresses in the spar direction. Errors in their measured values can
be large.17

Figure 10 shows skin shear stresses between the root and inner
rib, along a line between the fourth and fifth (rear) wing spars.
Experimental values fall between results from the finite element
and FSDPT models. The CPT model, however, overpredicts these
stresses in the root region near the stress concentration. Compari-
son of shear stresses away from the stress concentration, along a
line between the first (leading edge) and second spars from root to
inboard rib, is shown in Fig. 11. There are differences between the
various analysis methods and test results (test results for skin shear
stresses near the rib are questionable, as pointed out in Ref. 17).
Overall these stresses are small compared with the normal stresses,
and their order of magnitude is correctly predicted by all three
analysis methods.

Convergence histories of typical displacement, natural fre-
quency, and stress predictions are shown in Fig. 12. Recall that
both CPT and FSDPT equivalent plate techniques here are based
on simple polynomials as Ritz functions, leading to ill condition-
ing of the static and eigenvalue solutions as the order of these
polynomials goes up. Thus, convergence of results cannot be guar-
anteed. The experience of Refs. 6-8 was that useful results could
be obtained before this ill conditioning became too severe. Indeed,
Fig. 12 shows that differences in displacement and natural fre-
quency predictions change by less than 2% when polynomial order
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Fig. 11 Skin shear stresses T^ the along a line between the front and
second spars (from root to inner rib).
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Fig. 12 Convergence of typical displacement, stress, and natural fre-
quency predictions.

is increased from 5 to 8. Stress predictions are slower to converge,
as expected, and oscillate. However, their variation, as the order of
Ritz polynomials increases, is also smaller than 2%.

Computational Efficiency
A computational advantage of the two equivalent plate tech-

niques over standard finite element techniques is due to the smaller
size of the resulting mass and stiffness matrices. Some other com-
putational considerations in the present formulation (such as gen-
erating the required families of integrals and polynomial powers,
to be later used for stiffness, mass, load elements, and analytical
sensitivities) have already been discussed. Another technique for
accelerating computation is replacing the spar and rib webs by an
equivalent sandwich core.23 Spar and rib webs are similar to skin
panels and computation of their contribution to stiffness and mass
can be time consuming. In a wing with many spars or ribs,15 this
requires considerable computational resources. If an array of many
spars and ribs is replaced by a core of given distributed stiffness,
the core contribution is evaluated once in terms of area integrals
[Eq. (18)], and the repeated evaluation of spar and rib web stiff-
ness and mass is not required. A detailed discussion of equivalent
core formulations is beyond the scope of this paper.

Conclusion
Limitations of CPT-based equivalent plate structural modeling

techniques were described for cases involving thin spar/rib webs
(or small numbers of ribs) in low-aspect-ratio wings or thick high-
aspect-ratio wings. A new wing equivalent plate modeling tech-
nique based on first-order shear deformation plate theory has been
presented. Analytical and computational aspects of the new capa-

bility were discussed. Detailed derivation of analytical expressions
for stiffness and mass contributions from composite skins and
spars were used to expose all of the main features of the new capa-
bility, including analytical sensitivities with respect to planform
shape. Application to a case of a thick swept-back wing showed
that the new capability performs as well as corresponding finite
element analysis and correlates well with experiment.

Equivalent plate structural wing modeling techniques are impor-
tant in the context of preliminary design and multidisciplinary
optimization. The new capability adds to the reliability and gener-
ality of these techniques.
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